Abstract -In this note we formulate the Kalman-YakuboviE-Popov Lemma for generalized first-order systems, both in continuous-and discrete-time.
Introduction
The Kalman-YakuboviE-Popov (KYP) Lemma is a primary tool for the analysis of linear systems in statespace description. It provides a link between quadratic performance questions and the existence of a solution to a Linear Matrix Inequality (LMI). A demonstration of this connection, and some background about the KYP Lemma may be found in Willems [4] .
In this note we formulate the KYP Lemma for continuous-time, generalized first-order systems of the form
Analogously, it turns out that the discrete-time system 
(7)
When the system description (1) or ( 5 ) includes algebraic constraints, the behaviour of the system is restricted to a linear subspace, and we show how the quadratic performance problem may be reduced to an equivalent problem on a subspace.
Quadratic performance
Before we formulate the main results, we first characterize controllability of a system in kernel representstion (Willems [5] ).
where w E C2 (W, Wq) are the variables associated with the system, and G and F are real-valued, P by 9 matrices. Such a description allows for specification of a number of algebraic constraints, i.e., cbnstraints of the tvDe U . 
(2)
The KYP Lemma for continuous-time, generalized first-order systems is formulated as follows.
Theorem 2.2 Assume that the system = FW is controllable, and that the matrix G has full row-rank.
where H is a real-valued matrix. In this respect (1) is a generalization of a state-space description, which consists of dynamic restrictions only. Note also that contrary to what havvens in state-mace theorv. we do
not a priori split ub t h e variables into inputs and Then the following two statements are equivalent: outputs. An introduction to different kinds-of firstorder models, and some motivation for studying them may be found in Kuijper [I] .
The quadratic performance criterion that we are interested in has the form 
I-,
By a continuity argument, (10) is equivalent to
Since G has full row-rank, there exist invertible matrices U and V such that UGV = ( I 0). Define
U F V =: ( A B ) , and V -l v =: (E). (12)
Then ( A , B ) is a controllable pair, and (11) is equivalent to
The KYP Lemma for continuous-time systems in statespace form may be found in Yakubovich [7] . By this Lemma, (13) is equivalent to 
--oc 0 There exists a symmetric solution P to the LMI
Proof: The proof is analogous to that of Theorem 2.2, using the KYP Lemma for discrete-time systems in state-space form.
3 Algebraic constraints
The condition that G has full row-rank is equivalent to excluding algebraic constraints on the system (1). If the system description does include algebraic constraints, the behaviour of (1) 
where G has full row-rank. The behaviour of the system is equivalently described as Gw = F w , and H w = 0.
The algebraic constraints H w = 0 may be rewritten in image representation as w = image ( H I ) . 
